Complex Number

Geometrical Applications

Let A(zy), B(zz), C(z3), D(z4) incounterclockwise direction.
Vector BA=1z; -2z,  Now turn vector BA with centre B through an angle o clockwisely.
.. (z1—12p) cis (o) is a vector in the direction of the vector BC and of length |BA| = |AB|
Since the ratio of the length of BC tothelength AB is k:1,
S VectorBC= k(zi—-2z)cis(-a) = z3—2;=k(z1-2,)cis (o)
= 3=2tk(zy-2)cis(-a) =]z +k (z1—2p) cos a] —ik (zz—2zp) sina. .
Vector CD =Vector BA = 724—23=21-2,=>24=23+ 21— 2
=z =[ztk(zi—-2z)cosa] —ik(zi—2zp) sina+ 23—z, =21 + k(21— 23) cos a] —i k (21— 2p) sin a
Since z, describes a circle of radius a and centre at the origin,

z, = a(cos0 +isin0), Zizé(cose—isine)
2

zl:x+yi:zz+i:a(cose+isin9)+1(cose—isin9):(a+1jcose+i[a—£)sin6

z, a a a
2 2

. S 1

x:(a+1jcose, y:(a—ljsme. Eliminating 6, we get X >+ y 7=

a a 1+a?) (@-a?) a

Let the triangle with verticesbe  zx=xc+yii, k=1,2,3.
Using the area formula in Cartesian Cordinates, the area

NaIRE X, Vil Xy tyd il
A=§x2 Y, =?x2 Y, i =?x2 +Yy,i Yy, 1, whereC,isreplaced by C, +C,.
i . I . .
X3 Ys X3 Yl X3 +Ysl Yl
1 X+ yli - Zyli X+ yli X, - yli
= X, +Y,0 —2y,i Y=——|X,+VY,i X,-Yy,i 1 whereC,isreplaced by C, +C,
i . . . .
X3ty - 2y3' Xzt Y5l X3—Vil
11101
A =%4 Z, 2, 1, Result follows.
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Let A(zy), B(zz), C(z3). Then z3-12z, isthevector BA.

Letz=22"%2 Since Arg(2)=Argi=22 = Arg(z: - 7) — Arg(zs — 25)
3 -1, Z3-1,

therefore z is a complex number with Arg(z) = ZABC.

- z,-2
Since 2 22|:| 172 , the modulus of z = BA
|2,-2,| |z,-1, BC
x—c y-a [£XCB=ZYAC
= -2 - CX AY = ABCX~ACAY (two sides in ratio, included /s equal)
b-c c-a B AC

Result follows later part of the given equality.
Let U,V bethecentroids of ABC,XYZ and u,v arecomplex numbersrepresenting U, V.



X=C_y=a_2=b .y c=kb—c)y-a=k(c—a) z—b=k@a-b)
b-c c-a a-b
:a+g+c,V:x+;/+zjv_u:(x—c)+(y;a)+(z—b):k(b—c)+k(03—a)+k(a—b):0

. u=v and hence the centroids of ABC, XYZ are coincident.

(i) Let A(zi), B(z), C(z)
Z;-7, _ Z,-2,
Z,-7; Z;-17,

= 212 + 222 + 232 =712y t+ 2023 + 232,

(21-22) (22-21) = (z3-21) (zZ3—-22) and (23—-21) (21 -23) = (22— Z3) (22— 71)

- z,-2, 2,-2, Z,-1Z, -z, -z
Combining we have —2—1=-1 —2_-2 Arg( ] Arg( J Arg( 3]
Z,-2, 2,-2, Z,-1Z, z,-2, z,-2, z,-12,

Therefore /ZA=/B=/C.

(i) The complex number (z,—w,) can be obtained from the complex number (z; —w,) by turning
the latter through  120°, hence
Xs—W, = (21— W,) ®, where ®=cis120°. Note: 1+ o+ 0’=0, o°=1.

Z,-72,0 . Z,-2,0 z,-2,0
=>w,=—="1 andsimilarly w,=—2—"— w,="1"2—,
l1-o l-o l-o

2
. Z,0+z2,— 1+ o)z Z,0+Z,+0Z
Since w,-w,=-% = )3: - : :

l1-o 1-o
2 2
z,0+2,-(1+0)z, 7,0+7,+0°z 2,0+, -+ 0)z, z,0+27,+0°Z,
W, -W; = = y Wy —W, = =
l-o l-o 1-o 1-o
2 2
(,o+12, + 02, 2,0+ 2, + 072,
= (W1_W2)(W2_W3)= (1 0))2
(2, + 02, + 02, 0" (2, + 0°2, + 02,) 2 2
_olz o'z, voz po'le o'z, voty) | vetzvez [
- - - 3 1
(1—(;3)2 l-o

W,—-W, W,—W . . .
- 2 3 -3 L By (i), WiW,W; is equilateral.
W, —Z; W, =W,

There are six possible different values the cross-ratio can take depending on the order in which the points z; are
given. Since there are 24 possible permutations of the four coordinates, some permutations must leave the

cross-ratio unaltered. In fact, exchanging any two pairs of coordinates preserves the cross-ratio:

(21 _23)(22 _24) =%

(2122, 2324) = (2221, 2423) =(Z324 , 2125) =(2423 , 2125) = K=
(2,-2,)z,-2,)

The other five cross-ratios (with permutations) are (checking omitted):

(212212423)=% v (223, 202) = 1-0, (2123, 242) = ﬁ v (2124, 2327) = ﬁ’ (2424, 2523) = %

az,+b az;+b (ad - be)z, —zj)

cz,+d cz,+d " (cz, +d)cz; +d)
(ad—bc)z, -z ) 2)

(w, —w, Jw, -w,) (cz, +d)cz, +d) (cz, +d)cz, +d) (z-2,)z,-2,) _

(W, -w,)w,-w,) (ad-bc)z,~z,) (ad-be)z,~2,) (z,-2,fz,~2,) = @iz 2524)

( ) )

cz, +d)cz, +d) (cz, +d)cz, +d

Since w;-w,;=

(ad—hbc)z, -z

(W1W5 , WaW,) =




(z, 2,0z, -2,)
(z,-2,)z,~25)
[Arg (z1-23) ~Arg (21 - 24)] - [Arg (22— 23) ~Arg (22-24)] =0 or =

L2747,y - /LZ3ZZ4= 0 or =w

If £Z32,2, - /Z3Z,Z,=0, then Z;,Z,,Zs,Z4are concyclic. (Converse of £ in same segment)

If (2125, z324) = isreal , then Arg

(Zl —23)(22 —
Z —

I /232,24, - /ZZ3Z,Z,=m, then Z,,Z,,Zs,Z,areconcyclic. (Opposite £s supplementary)

(Method 1)
For all points on the unit circle in the z-plane, |z =1 and any such point is given by

z=cos 0 +isin6. The corresponding points in the w-plane are given by:

_|2z+i| _[2cos®+i(2sin6+1) _{40052 0+ (25in0 + 1) TZ

<[22 _ [M} i
|2-iz|  [2+sin0-icoso| (2+sin6) +cos? 6

4+4sin0+1

and therefore lie on the unit circle in the w-plane.

(Method 2)
|W|z:WW:[22+ij 22+i|_dzz+1vdif-z) 2 <l =1
2-iz | 2-iz 4+zE+2i(E—Z) ’ '
. Taz—b)Talz—b)| aalzz—zb-zb+bb) |a' (2 —zb—zb+]o[’)
@ [fz) = = e B e ot Rt R & et )
1-zb || 1-2zb 1-zb—zb+zzbb 1-zb—zb+|z|’[o|
1-zb—-zb+|b|’ _
= 5=1, since |a|=|z|=1.  Therefore, [f(z)| = 1.
1-zb—zb+|b)

b) <1, i<l =<1, pf<l =(zf-1(b-1)>0 = [z’ +bf<[zbf+1

o _[a(ef +[of ~2b-2b) _16+[7"]" ~2b-2)

From (1), |f — —
R ey R O 7Y

Since |[f(z)] >0, therefore [f(z)|<1.

(X +iy)(u +iv) = (Xu—yv) +i(xv +yu) <« (X VJ[U V]:[ XU —yv xv+yuj
-y x\-v u) \=(xv+yu) xu-yv

2 0 1y0 1 -1 0
-1 0)\-1 0 0 -
X"} (coso sina)'X) ( Xcosa+ysina 1)
y'] (=sina cosa)ly) |-xsina+ycosa
X"y (cosa —sina) X y) ( Xxcosa+ysina —Xsino+ycoso @
-y x') (sina cosa \-y x) (—(-xsina+ycosa) xcosa+ysina
(1) shows the relationship when rectangular axes OX, OY are rotated counter-clockwise through an angle

o tobecome OX’,QY’.

(2) isequivalentto x’+y’i=(x+yi)(cosa+isina) or z’'= ez



